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The quark and gluon form factors to three loops in QCD through
to mathcal{O}left( {{ɛ^2}} right)
Abstract
We give explicit formulae for the mathcal{O}(ɛ) and mathcal{O}left( {{ɛ^2}} right) contributions to
the unrenormalised three loop QCD corrections to quark and gluon form factors. These contributions
have at most transcendentality weight eight. The mathcal{O}(ɛ) terms of the three-loop form factors are
required for the extraction of the four-loop quark and gluon collinear anomalous dimensions. The
mathcal{O}left( {{ɛ^2}} right) terms represent an irreducible contribution to the finite part of the form
factors at four-loops. For the sake of completeness, we also give the contributions to the one and two
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Abstract: We give explicit formulae for the O(ǫ) and O(ǫ2) contributions to the unrenor-
malised three loop QCD corrections to quark and gluon form factors. These contributions
have at most transcendentality weight eight. The O(ǫ) terms of the three-loop form fac-
tors are required for the extraction of the four-loop quark and gluon collinear anomalous
dimensions. The O(ǫ2) terms represent an irreducible contribution to the finite part of the
form factors at four-loops. For the sake of completeness, we also give the contributions to
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The form factors are fundamental ingredients for many precision calculations in QCD.
These basic building blocks describe the coupling of an external, colour-neutral off-shell
particle to a pair of partons: the quark form factor is the coupling of a virtual photon to
a quark-antiquark pair, while the gluon form factor is the coupling of a Higgs boson to a
pair of gluons through an effective Lagrangian.
The form factors are phenomenologically important and appear directly as virtual
higher-order corrections in coefficient functions for the inclusive Drell-Yan process [1–3]
and the inclusive Higgs production cross section [3–6]. The form factors also display a
non-trivial infrared pole structure which is determined by the infrared factorisation for-
mula. This implies that their infrared pole coefficients can be used to extract fundamental
constants such as the cusp anomalous dimensions which control the structure of soft di-
vergences and the collinear quark and gluon anomalous dimensions. In fact, the cusp
anomalous dimensions were first obtained to three loops from the asymptotic behaviour
of splitting functions [7, 8]. However, it was the calculation [9, 10] of the pole terms of
the three-loop form factors (and finite plus subleading terms in the two-loop and one-loop
form factors [11–13]), which led to the derivation of the three-loop collinear anomalous
dimensions [9, 14, 15].
The infrared factorisation formula for a given form factor (or more generally for a given
multi-leg amplitude) at a certain number of loops involves infrared singularity operators
acting on the form factor evaluated with a lower number of loops. These infrared singularity
operators contain explicit infrared poles 1/ǫ2 and 1/ǫ. Therefore, the computation of the
finite contribution to any n-loop form factor relies on contributions from (n − m)-loops
evaluated to O(ǫ2m).
At present, the state of the art is at the three-loop level for the massless quark and
gluon form factors. There are 22 master integrals shown in Fig. 1, of which 14 are genuine
three-loop vertex functions (At,i-type), 4 are three-loop propagator integrals (Bt,i-type) and
4 are products of one-loop and two-loop integrals (Ct,i-type). In this notation, the index t
denotes the number of propagators, and i is simply enumerating the topologically different
integrals with the same number of propagators. Expressions for the form factors in terms of
the 22 independent master integrals, and valid for any value of the dimensionD, are given in
Ref. [16]. The Bt,i-type integrals were computed to finite order in [17, 18] and supplemented
by the higher order terms in [19]. Explicit expansions of the At,i-type integrals were
obtained in Refs. [20–23] using Mellin-Barnes techniques. They enabled the evaluation of
the three-loop form factors up to and including the finite contributions [16, 23, 24]. The
deepest pole contribution is of O(1/ǫ6). Correspondingly, the finite terms are of at most





More recently [25], 20 of the three-loop master integrals have been re-evaluated up to
transcendentality weight eight using dimensional recurrence relations [26, 27] and analytic
properties of Feynman integrals (the DRA method [28]). Expressions for the two remaining
integrals, B8,1 and C8,1, can be obtained from Refs. [28] and [13] respectively. Once the
same normalisation and basis set of multiple zeta values is used, Ref. [25] confirms the
earlier result of Ref. [29] for A6,2. On the other hand, we confirm a certain subset of mas-
ter integrals (B6,2, B8,1, A7,3, A7,5, A8,1, A9,1, A9,2, A9,4) from [25, 28] up to coefficients
– 1 –
A5,1 A5,2 A6,1 A6,2
A6,3 A7,1 A7,2 A7,3
,2
A7,4 A7,5 A8,1 A9,1
A9,2 A9,4
B4,1 [= A4] B5,2 [= A5,4] B6,2 [= A6,4] B8,1
B5,1 [= A5,3] B6,1 [= A6,6] C6,1 [= A6,5] C8,1
Figure 1: Master integrals for the three-loop form factors. Labels in brackets indicate the naming
convention of Ref. [25].
corresponding to weight eight numerically to a precision of one per-mille or better using
MB.m [30] and FIESTA [31, 32]. All other of the 22 master integrals we even confirm ana-
lytically through to weight eight by expanding the closed form in terms of hypergeometric
functions given in [20, 21] using the HypExp package [33].
– 2 –






, ζ3ζ5 as well as the multiple zeta value ζ5,3 (or equivalently ζ−6,−2).
The multiple zeta values are defined by (see e.g. [34] and references therein)



























The numerical values of the transcendental constants up to weight eight are:
ζ3 = 1.2020569031595942854 . . . , ζ5 = 1.0369277551433699263 . . . ,
ζ7 = 1.0083492773819228268 . . . , ζ5,3 = 0.037707672984847544011 . . . .
The new results on the higher order terms in the master integrals enable the computation
of the three-loop form factors through to O(ǫ2) which is an intrinsic component for the
four-loop evaluation of the form factors. This is the topic of this Letter and we give
explicit formulae for the O(ǫ) and O(ǫ2) contributions to the unrenormalised three loop
form factors.
The form factors are the basic vertex functions of an external off-shell current (with
virtuality q2 = s12) coupling to a pair of partons with on-shell momenta p1 and p2. One
distinguishes time-like (s12 > 0, i.e. with partons both either in the initial or in the final
state) and space-like (s12 < 0, i.e. with one parton in the initial and one in the final state)
configurations. The form factors are described in terms of scalar functions by contracting
the respective vertex functions (evaluated in dimensional regularization with D = 4 − 2ǫ
dimensions) with projectors. For massless partons, the full vertex function is described
with only a single form factor.











while the gluon form factor relates to the effective Higgs-gluon-gluon vertex Γµνgg as
Fg =
p1 · p2 gµν − p1,µp2,ν − p1,νp2,µ
2(1 − ǫ)
Γµνgg . (4)
The form factors are expanded in perturbative QCD in powers of the coupling constant,
with each power corresponding to a virtual loop. We denote the unrenormalized form
factors by Fa and the renormalized form factors by F a with a = q, g.
At tree level, the Higgs boson does not couple either to the gluon or to massless quarks.
In higher orders in perturbation theory, heavy quark loops introduce a coupling between
the Higgs boson and gluons. In the limit of infinitely massive quarks, these loops give rise
– 3 –
to an effective Lagrangian [36] mediating the coupling between the scalar Higgs field and




HFµνa Fa,µν . (5)
The coupling λ has inverse mass dimension. It can be computed by matching [37, 38] the
effective theory to the full standard model cross sections [5].
Direct evaluation of the Feynman diagrams at the appropriate loop order yields the
bare (unrenormalised) form factors,
Fqb (α
b





































is the mass parameter introduced in dimensional regularisation to maintain a
dimensionless coupling in the bare Lagrangian density and where
Sǫ = e
−ǫγ(4π)ǫ, with the Euler constant γ = 0.5772 . . . (8)
The one-loop and two-loop form factors were computed in many places in the litera-
ture [9–13]. All-order expressions in terms of one-loop and two-loop master integrals are
given in [13]. Explicit expressions for the one- and two-loop form factors through to O(ǫ5)
and O(ǫ3) respectively are given already in [16]. To determine the finite piece at the
four-loop level, these form factors are needed to one higher power in ǫ, and for the sake of


















































































































































































































































































































































































































The unrenormalised three-loop quark form factor Fq
3
through to (and including) O(ǫ0)
is given in eq. (5.4) of Ref. [16]. The pole contributions of Fq
3
are also given in eq. (3.7)
of ref. [9] while the finite parts of the N2F , CANF and CFNF contributions are given in
eq. (6) of ref. [10]. The finite NF,V contribution could already be inferred from [39]. The
remaining finite contributions are also given in eqs. (8) and (9) of ref. [24]. The O(ǫ1) and























































































































































































































































































































































































































































































































































































Note that last colour factor is generated by graphs where the virtual gauge boson does
not couple directly to the final-state quarks. This contribution is denoted by NF,V and
is proportional to the charge weighted sum of the quark flavours. In the case of purely
– 7 –






The unrenormalised three-loop gluon form factor through to (and including) O(ǫ0) is
given in eq. (5.5) of Ref. [16]. The divergent parts are also given in eq. (8) of ref. [10] while








































































































































































































































































































































































































































The renormalised form factors are directly related to the unrenormalised form factors
and details on how to extract the renormalised form factors to this order are given in
section 2 of Ref. [16].
In this letter, we computed the three-loop quark and gluon form factors through to
O(ǫ2) in the dimensional regularisation parameter. These contributions are relevant in the
study of the infrared singularity structure at four loops. In particular, the O(ǫ) terms
of the three-loop form factors are required for the extraction of the four-loop quark and
gluon collinear anomalous dimensions. The O(ǫ2) terms contribute to the finite part of
the infrared-subtraction of the form factors at four loops. It is this infrared-subtracted
finite part which is relevant for the study of the next-to-next-to-next-to-next-to-leading
(N4LO) Drell-Yan and Higgs production processes. In particular, the O(ǫ2) three-loop
contributions represent a finite ingredient to these processes at four-loops.
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